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a b s t r a c t
The antibandwidth problem is to label vertices of a graph G = (V , E) bijectively
by 0, 1, 2, . . . , |V | − 1 so that the minimal difference of labels of adjacent vertices is
maximised. In this paper we prove an almost exact result for the antibandwidth of three-
dimensional meshes. Provided results are extensions of the two-dimensional case and
an analogue of the result for the bandwidth of three-dimensional meshes obtained by
FitzGerald.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The antibandwidth problem is to label vertices of a graphG = (V , E) bijectively by 0, 1, 2, . . . , |V |−1 so that theminimal
difference of labels of adjacent vertices is maximised. The problem was originally introduced in [14] in a connection with
multiprocessor scheduling problems. It can be understood as a dual problem to the well known bandwidth problem [7] in
which themaximumdistance of adjacent vertices in the linear layout isminimised. Anothermotivation comes from the area
of the radio frequency assignment problem [12]. Transmitters are assigned n different frequencies such that the physically
neighbouring transmitters have as different frequencies as possible. The transmitters and their neighbourhood are given by
an n-vertex graph. The problem also belongs to the family of obnoxious facility location problems: The ‘‘enemy graph’’ is
represented by n persons. Two of them are joined by an edge iff they are enemies. The problem is to build a house for every
person along a road such that theminimal distance between enemies is maximised [6]. From the graph theory point of view
our problem is just a new labelling problem, see a survey [10]. The problemwas originally studied under the term separation
number [14]. However, in the meantime, this name was also used for another linear layout problem [7]. Lin and Yuan called
it dual bandwidth. In our older paper [17] we proposed a new term for the problem, (the most appropriate according to our
opinion) antibandwidth.
The antibandwidth problem is NP-complete [14]. So far it is polynomially solvable for 3 classes of graphs: the
complements of interval, arborescent comparability and threshold graphs [8,13]. Known results include simple relations
of the antibandwidth invariant to the minimum, maximum degree, chromatic index and powers of hamiltonian paths in
the complement graph [14–16]. Exact results are known for paths, cycles, special trees, complete and complete bipartite
graphs [15,16,19]. The class of n-vertex forests with ab(F) = bn/2c is characterised in [16], which covers, e.g., complete
binary trees. The invariant for complete k-ary trees is discussed in [5]. Note that for connected graphs the antibandwidth is
at most n/2.
The problem is also interesting for disconnected graphs. Exact values were proved for graphs consisting of copies of
simple graphs [11,20]. The problem is worth studying also in the case of a general host graph. For example, when the host
graph is a cycle is analogical to the cyclic bandwidth problem, see [17]. Another motivation comes from coding theory. In
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this case the host graph is a hypercube Qn and guest graph is a complete graph Kp. The antidilation of Kp embedded in Qn
is equal to a minimal Hamming distance of a code with p words which is an interesting parameter connected with code
reliability, especially the error-correcting property.
This paper extends our previous results for 2-dimensional meshes [17] where we proved that for the two-dimensional
meshM2 of typem× n
ab(M2) =
⌊
(m− 1)n
2
⌋
.
We show that for the three-dimensional meshM3 of type n× n× n
ab(M3) = n
3
2
− 3n
2
8
+ O(n).
Moreover, this result is an analogue of a result of FitzGerald who determined the bandwidth of three-dimensional
meshes [9].
2. Preliminaries
For a nonempty graph G = (V , E), let f be a one-to-one labelling
f : V → {0, 1, 2, 3, . . . |V | − 1}.
Define the antibandwidth of G according to f as
ab(G, f ) = min
uv∈E |f (u)− f (v)|.
The antibandwidth of G is defined as
ab(G) = max
f
ab(G, f ).
It is useful to imagine the antibandwidth problem as a linear layout problem. The vertices are mapped into integer points
0, 1, . . . , |V | − 1 on a line such that the minimal distance of adjacent vertices (in the graph) is maximised.
Let ∂(A) denote the vertex boundary of a set A ⊆ V , i.e., the set of all vertices from V − A having a neighbour in A.
Let G = (V1, V2, E) be a bipartite graph. Let ∂b(A) denote the vertex boundary of a set A ⊆ V1, i.e. the set of all vertices
from V2 having a neighbour in A. We call it the bipartite vertex boundary.
Define the three-dimensional meshM3 as a cartesian product of three n-vertex paths, i.e.M3 = Pn × Pn × Pn, n ≥ 3. The
vertices of Pn are {0, 1, 2, . . . , n− 1} and edges {(i, i+ 1)|i = 0, 1, 2, . . . , n− 2}. LetM3 = (V1, V2, E), where V1 and V2 are
the partition sets and (0, 0, 0) ∈ V1.
Let us define the simplicial order in M3 as follows [3]. Let x = (x1, x2, x3) and y = (y1, y2, y3). Then x < y if either∑
xi <
∑
yi, or
∑
xi =∑ yi, and for some jwe have xj > yj and xi = yi for all i < j.
The diameter of M3 is 3(n − 1). For r = 0, 1, 2, . . . , 3(n − 1), let B(r) denote the set of vertices of M3 in the distance r
from (0, 0, 0), i.e. B(r) = {(a, b, c) : a+ b+ c = r}. By symmetry, one can see that for r = 0, 1, 2, . . . , 3(n− 1).
|B(r)| = |B(3(n− 1)− r)|. (1)
From Riordan [18] (Chapter 5, exercise No. 13) we have
|B(r)| =
(
r + 2
2
)
− 3
(
r − n+ 2
r − n
)
+ 3
(
r − 2n+ 2
r − 2n
)
. (2)
Further, we claim that
3(n−1)∑
r=0
(−1)r |B(r)| = n mod 2. (3)
First observe that
V1 =
3(n−1)⋃
r=0
r even
B(r).
Hence (3) is equivalent to |V1| − |V2| = n mod 2.We have V1 = ∪n−1i=0 Zi, where
Zi = {(a, b, i) : (a+ b+ i) mod 2 = 0}. Realise, that |Zi| = dn2/2e, for even i and bn2/2c, otherwise. Then
|V1| =
⌈n
2
⌉⌈n2
2
⌉
+
⌊n
2
⌋⌊n2
2
⌋
=
⌈
n3
2
⌉
,
which proves the claim.
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3. Upper bound
In the following paragraphs we prove the upper bound for antibandwidth of three-dimensional mesh. The proof is
simplified to one case while the proof of other cases runs similarly.
Theorem 3.1. For n ≥ 3
ab(M3) ≤ n
3
2
− 3n
2
8
+ O(1).
Proof. Assume n = 1 mod 4. Other cases are similar. Denote t = 3(n− 1)/4. We show
|B(0)| + |B(2)| + |B(4)| + · · · + |B(2t − 2)| + 1
2
|B(2t)| = n
3 + 1
4
. (4)
It holds
3(n−1)∑
r=0
|B(r)| = n3. (5)
Adding (5) and (3) we get
2
3(n−1)∑
r=0
r even
|B(r)| = n3 + 1. (6)
Substituting (1) into (6) for r > 2t we have
4
2t−2∑
r=0
r even
|B(r)| + 2|B(2t)| = n3 + 1,
which implies (4).
Further, (2) gives
|B(2t)| =
∣∣∣∣B(3(n− 1)2
)∣∣∣∣ = 3n2 + 14 .
Consider an optimal linear layout of M3. According to the alternative definition of the antibandwidth parameter, we map
the vertices of M3 into points 0, 1, 2, . . . , n3 − 1 on a line. For simplicity, we identify the vertices of M3 with their images
on the line.
Denote k = ab(M3). If
k ≤ n
3 − |B(2t)|
2
,
then we are done. Suppose indirectly that
k ≥ n
3 − |B(2t)|
2
+ 1. (7)
It is a simple observation that for a connected graphs G = (V , E)with minimum degree δab(G) ≤ (|V | − δ+ 1)/2. See [16].
Hence k < n3/2. Let S be a set of consecutive k vertices on the line, i.e., S = {p, p+ 1, . . . , p+ k− 1}, for 0 ≤ p ≤ n3 − k.
Denote Ai = Vi ∩ S, for i = 1, 2. Denote by J = [L, R], an interval with
L = n
3 + 1
4
− 1
2
|B(2t)| + 1, R = n
3 − 1
4
.
Distinguish two cases.
Case 1. Assume that there exist S such that the corresponding A1 satisfies |A1| ∈ J. Observe that
|∂b(A1)| + k− |A1| ≤ |V2|.
Hence
k ≤ n
3 − 1
2
− (|∂b(A1)| − |A1|). (8)
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In what follows we will show that |∂b(A1)| − |A1| > |B(2t)|/2− 1. Substituting this claim into (8) we get
k <
n3 − |B(2t)|
2
+ 1
2
,
a contradiction with (7).
The assumption |A1| ∈ J says that
n3 + 1
4
− 1
2
|B(2t)| + 1 ≤ |A1| ≤ n
3 − 1
4
. (9)
Substituting (4) into both sides of (9) we get
|B(0)| + |B(2)| + · · · + |B(2t − 2)| + 1 ≤ |A1| ≤ |B(0)| + |B(2)| + · · · + |B(2t − 2)| + 12 |B(2t)| −
1
2
.
This gives
|A1| = |B(0)| + |B(2)| + |B(4)| + · · · + |B(2t − 2)| + α|B(2t)|, (10)
for some constant 0 < α < 1/2. Let I1 be the set of the first |A1| vertices from V1 in the simplicial order. Bezrukov and
Piotrowski [2] proved that
|∂b(A1)| ≥ |∂b(I1)|. (11)
Let A ∈ V1 ∪ V2 be a set of cardinality
|A| = |B(0)| + |B(1)| + |B(2)| + · · · + |B(2t − 1)| + α|B(2t)|.
Let I be the set of the first |A| vertices from V1 ∪ V2 in the simplicial order. Bollobás and Leader [3] proved
|∂(A)| ≥ |∂(I)|. (12)
From the definitions of I1 and I we have
|∂b(I1)| = |B(1)| + |B(3)| + |B(5)| + · · · + |B(2t − 1)| + |∂(I)| − (1− α)|B(2t)|. (13)
Moreover Bollobás and Leader [3,4] showed that
|∂(I)| ≥ (1− α)|B(2t)| + α|B(2t + 1)|. (14)
Finally estimate
|∂b(A1)| − |A1| ≥ |∂b(I1)| − (|B(0)| + |B(2)| + · · · + |B(2t − 2)| + α|B(2t)|)
by substituting from (11) for |∂b(A1)| and (10) for |A1|. Further, substitute for |∂b(I1)| from (13) getting
|∂b(A1)| − |A1| ≥
2t−1∑
i=0
(−1)i+1|B(i)| − α(|B(2t)| − |B(2t + 1)|).
Now we evaluate the alternating sum. From (3) we know that
|B(0)| − |B(1)| + · · · − |B(2t − 1)| + |B(2t)| − |B(2t + 1)| + · · · − |B(3(n− 1)− 1)| + |B(3(n− 1))| = 1.
From the symmetry argument (1) we have
2(|B(0)| − |B(1)| + · · · − |B(2t − 1)|)+ |B(2t)| = 1.
and
2t−1∑
i=0
(−1)i+1|B(i)| = −1
2
+ 1
2
|B(2t)|.
Then
|∂b(A1)| − |A1| ≥ −12 +
1
2
|B(2t)| − α(|B(2t)| − |B(2t + 1)|).
The formula (2) gives |B(2t)| − |B(2t + 1)| = 1. Noting that α < 1/2
|∂b(A1)| − |A1| ≥ 12 |B(2t)| − 1.
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Case 2. Assume that for all sets S, |A1| 6∈ J.We show that this leads to a contradiction. Distinguish 3 cases.
1. There exist S = Sp = {p, p+ 1, . . . , p+ k− 1} and S ′ = Sp′ = {p′, p′ + 1, . . . , p′ + k− 1} such that |A1| = |Sp ∩ V1| < L
and |A′1| = |Sp′ ∩ V1| > R. From the lower bound assumption for k, see Eq. (7) and the definition of Lwe have |A1| < k/2
and |A′1| > k/2. Wlog assume that p < p′. Observe that for any i, ‖Si ∩ V1| − |Si+1 ∩ V1‖ ≤ 1. This forces the existence of
p ≤ p′′ ≤ p′ such that |A′′1| = |Sp′′ ∩ V1| = bk/2c ∈ J, a contradiction.
2. Assume that for all S, |A1| < L. Then |A2| = k−|A1| > k−L. Take two disjoint S and S ′ with |A2| > k−L and |A′2| > k−L.
We get |A2| + |A′2| > 2k− 2L ≥ n
3
2 + 4 a contradiction.
3. Assume that for all S, |A1| > R. This case is symmetric to the previous case. 
4. Lower bound
In this section we describe a labelling function f : V1 ∪ V2 → {0, 1, 2, . . . , n3 − 1} such that the minimal difference of
neighbouring labels matches the upper bound up to the third order term.
The labelling of vertices of M3 proceeds in two phases. In the first phase we label sets B(r), for even r as follows: The
single vertex in B(0) gets label 0, the vertices of B(2) are labelled by 1, 2, 3, . . . |B(2)|, the vertices in B(4) by |B(2)| +
1, . . . , |B(2)| + |B(4)| and so on. The labelling in every B(r) is given by the induced simplicial order, i.e., x = (x1, x2, x3)
precedes y = (y1, y2, y3) if for some j we have xj > yj and xi = yi for all i < j. In the second phase we label B(r), for odd r ,
similarly. Now we analyse the labelling algorithm.
Theorem 4.1. The labelling function f satisfies
ab(M3, f) = n
3
2
− 3n
2
8
+ O(n).
Proof. Let n be divisible by four. The remaining cases are similar. Let r be even, the odd case is similar. Let v1 and v2 be two
neighbouring vertices, such that v1 ∈ B(r) and v2 ∈ B(r − 1). Due to symmetry, we may assume that r ≤ 3n/2. Then
f (v1) = |B(0)| + |B(2)| + · · · + |B(r − 2)| + c(v1)
f (v2) = n
3
2
+ |B(1)| + |B(3)| + · · · + |B(r − 3)| + c(v2)
where c(v1) and c(v2) stand for ranks of v1 and v2 in simplicial orders in B(r) and B(r−1) respectively. Clearly f (v2) > f (v1).
Compute
f (v2)− f (v1) = n
3
2
− 1+ |B(1)| − |B(2)| + · · · + |B(r − 3)| − |B(r − 2)| + c(v2)− c(v1).
Using the formula (2) for |B(i)|
|B(i)| − |B(i− 1)| =
{
i+ 1, if i ≤ n− 1,
3n− 2i− 2, if n ≤ i ≤ 2n− 1.
By substitution
f (v2)− f (v1) =

2n3 − r2
4
+ c(v2)− c(v1), if r ≤ n,
2n3 + 3n2 − 6rn+ 2r2
4
+ c(v2)− c(v1), if n < r ≤ 3n/2.
In the first line the fraction is minimised when r = n while in the second one for r = 3n/2. The latter case gives a smaller
value, hence
f (v2)− f (v1) ≥ n
3
2
− 3n
2
8
+ c(v2)− c(v1).
Further, we estimate the term c(v2)− c(v1). Let g be the simplicial labelling of vertices ofM3. Then
g(v1) = |B(0)| + |B(1)| + · · · + |B(r − 1)| + c(v1),
g(v2) = |B(0)| + |B(1)| + · · · + |B(r − 2)| + c(v2),
which gives
g(v2)− g(v1) = −|B(r − 1)| + c(v2)− c(v1).
Finally, we use the following fact proved in [1] (Lemma 4.4, last line of the proof):
|g(v2)− g(v1)| ≤ 2n− 1+ |B(r)|.
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Hence
c(v2)− c(v1) ≥ g(v2)− g(v1)+ |B(r − 1)| ≥ −2n+ 1− |B(r)| + |B(r − 1)| = O(n)
what completes the proof. 
We conclude with the following conjecture.
Conjecture 4.1. For the three-dimensional mesh M3 = Pn × Pn × Pn
ab(M3) =
⌈
(4n− 3)(n2 − 1)
8
⌉
.
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